JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 32, No. 4, July—August 2009

Nearly Circular Equatorial Orbits About
an Oblate Body with Atmosphere

Mayer Humi*
Worcester Polytechnic Institute, Worcester, Massachusetts 01609

and

Thomas Carter?
Eastern Connecticut State University, Willimantic, Connecticut 06226

DOI: 10.2514/1.40861

This paper studies nearly circular equatorial orbits of satellites in the gravitational field of an oblate body that
includes the J, term and quadratic drag. We derive analytic expressions for the orbit of a satellite under these
conditions even if the local atmospheric density is provided in tabular form. This work includes four distinct
atmospheric density models. A closed-form solution of the orbit equation for each model is compared with the
numerical integration of the equations of motion with a test model of the atmospheric density, disclosing the accuracy
of the analytic solution that follows from each model. For an orbital decay of 900 m over 160 revolutions, the least
accurate model revealed an error of 5 m, whereas the most accurate model produced an error of 0.4 m.

L

HE search for an analytical approach to orbit determination and

relative-motion studies has taken place over many years using
various assumptions [1-26]. We list some representative studies of
two-body orbits and their related relative motion [2—4,7-10]. Some
early studies include the J, effect and atmospheric drag [1,6,11,12].
Much of the early work is summarized in the paper by Liu [13]. Some
later studies have concentrated on atmospheric drag [14,16,18,19] of
a satellite in the gravitational field of a spherical body and drag-free
orbits in the gravitational field of an oblate body [20-23,26].

Some of the early work, as summarized by Liu [13], includes
atmospheric drag with rotating atmosphere and orbits of arbitrary
inclinations about an oblate planet. Other effects are sometimes
treated as higher-order perturbations. Typically, a Keplerian solution
to the two-body problem is adjusted through a method of variations
of constants with approximations found from dominant terms in
series expansion. One of the most important of these approaches is
found in the work of Brouwer and Hori [11]. They use Delaunay
variables, but transform the equations of motion into canonical
variables for the drag-free problem. The drag acceleration is
expanded in powers of eccentricity and in multiples of the mean
anomaly, then integrated. Although the approximating formulas are
in analytic form, they are long and cumbersome.

The present work is more restrictive, requiring a stationary
atmosphere and orbits that are equatorial and nearly circular initially,
but have the advantage that the formulas found are accurate and
concise, obtained from simple linear differential equations of second
or third order. The atmospheric density function can be quite general:
we require data only in tabular form. We build atmospheric density
models from these data. Some simulations compare the accuracy of
these models with that of numerical integration of the equations of
motion with a test atmospheric density function.

The next section presents a derivation of the orbit equation for an
equatorial plane and includes J, effects and atmospheric drag. This is
followed by a section that presents closed-form solutions of the
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equations of motion for each of the four atmospheric density models,
including simulations comparing each with numerical integration
using a test atmospheric density model.

II. Equatorial Orbits About an Oblate Body with Drag
In the gravitational potential of an oblate body, the most important
correction term is that containing J,, the coefficient of the primary
zonal harmonic. With this term, the gravitational potential of the

Earth or other oblate spheroid is given approximately by [5]
R%J

v=-"4 [1 -
r

72

2 Py (cos ¢)} )

With this equation, we associate an inertial coordinate system
attached to the center of the oblate body. In this system, r is the radius
vector, where r = |r|, ¢ is the colatitude angle, R is the radius of the
oblate body in the equatorial plane, y represents the product of the
universal gravitational constant and the mass of the spheroid, and P,
is the second-order Legendre polynomial. We use a dot above a
symbol to denote differentiation with respect to time ¢ (e.g., r=
dr/dt).

The force per unit mass acting on a particle at a point r due to the
gravitational potential (1) is given by

F(r) =—-VU(r)

If r and r are initially in the equatorial plane, then the angular
momentum is constant [26], both remain in this plane, and ¢ = 0.
It then follows that in this plane, the specific gravitational force
F(r) = —f(r)r is central, where

1 3R2J2) ®

£0) = u(— + 3

=

In this equatorial plane, the equation of motion of a satellite subject
to a central gravitational field and quadratic drag is given therefore by

F=—f(r)r—ap(r)(t-1)'/’r 3)

where p(r) is a model for the atmospheric density and « is a constant
that depends on the drag coefficient and the geometry of the satellite.
It should be observed that because the motion is confined to the
equatorial plane, then Eq. (3) is of the same form as Eq. 1 of [19]. For
this reason, the orbit equation is given by Eq. 5 of [19]. To keep this
work self-contained, however, we present a brief derivation of this
equation.
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Introducing polar coordinates (r, 6) in the equatorial plane, Eq. (3)
becomes

10+ 27 0= — ap(r)(f-1)/2rf %)
?—réz=—%—I;L—f—ap(r)(i'-i’)l/2ré )

where k = %RZJZ. Multiplying Eq. (4) by r and integrating, it follows
that

J=rf= hexp(—a/p(r)(i‘ . i')l/zdt) (6)

where £ is a constant of integration that represents the initial value of

J.If 6, denotes the initial value of 6, then h = r(91)2é(91). When the
tangential velocity of the satellite is much larger than the radial

velocity (viz, 7 < r) the expression for J can be approximated
by [14]

J= hexp(—a/p(r)rd@) @)

Using the fact that

d
7o ®

| ~

SIS
S}
)

and, from Eq. (7),
— =—ap(r)rJ )

we obtain from Eq. (5) and some algebra the following orbit equation
for the radial distance r as a function of 6:

7! 7 2 I k
T aoff) =1-E(r+= 1
) =eEl) o

Here, primes denote differentiation with respect to 6.

III. Local Solution of the Orbit Equation

Assuming that the radial distance r of the satellite orbit is in the
vicinity of R, we introduce a new variable u(6) so that

F=Rye,  Jul < 1 (10
Substituting into Eq. (10), we obtain
" ,bL u k —2u
2u" = I_P(Roez +R706 2 ) (12)

A. Local Approximation of the Atmospheric Density Function

When the atmospheric density can be approximated locally
around R, by k; /r, where k| is a constant, expression (7) for J yields

J = he~ki 6= 13)

where 6, is the initial value of 6. Equation (12) becomes

k
2w =1— %emkl(e—el)(ROeZu + Ee—Zu) (14)
0

Combining the exponentials on the right-hand side of this equation
and using the fact that « < 1 and |u| < 1, we can approximate this
equation by

+ R s +2ak1(9—01)]) (15)
Ry

Rearranging terms and simplifying, this can be expressed in the form

u"+b1u=#—aﬁk.(9—el) (16)
where
_H(p Kk
b, = W (Ro Ro) a7
and
_Kr K
B=1s (Ro + RO) (18)

The general solution of this second-order linear differential equation
is straightforward:

1-p  apk

u=Cycosv(fl—0,) + Cysinv(0—0,) + -~ 5
2v v

(6—96))
19)

where

v=1y/by (20)

and by differentiation,

Olﬂkl
vz

' =—Cyvsinv(@—0,) + C,vcosv(f —6,) — 21

From Eq. (11), we have
r(0) = Ry(1 + 2u(6)), r'(0) =2r(0)u’(6) (22)

leading to the initial conditions

L R

The arbitrary constants are readily found in terms of these initial
conditions:

1), w(6)) = 23)

_1(r6) g—1 _ ) aBk
€= 2( R, 1) + P 27 2ur(6) + v @4
We recall from Eq. (6) that
h = r(6,)%6(6,) (25)

For the important special case in which r(6,) = Ry and r'(6,) = 0,
these simplify:
B—1 _ aBk,

C = o2 G = V3 (26)

Having determined the arbitrary constants, the approximate trajec-
tory follows from Eq. (22) as long as r(6) remains close enough to R,
and r/(0) to r'(0,) that the linearizations presented previously are
sufficiently accurate.

B. More Accurate Local Atmospheric Density Function
In [15] we demonstrated that for a spherical Earth, the two-

parameter function
ky
o=

r—-c¢

@7

provides a more accurate approximation of the atmospheric density
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data. The value of the parameter ¢ is determined by curve-fitting
procedures (e.g., method of least squares). Applying this density
model to the present problem, expression (7) for J becomes

rdf

J=he S (28)

where the constant o has been redefined, absorbing the constant k;.

Again, the problem is to accurately approximate J in a way that yields

a closed-form solution. As in the previous work [15], we can write
r 1

r—c l—c /r

(29)

but ¢/r is not small enough to gain an accurate approximation by
direct linearization. Again, as in the previous work, we let § be a small
positive number that is greater than and near 1 — ¢/R and then write

1 ! §—(—=c/r)
1 VA e | I

§—(1—=c/r)
e

Because

<1

the right-hand side of Eq. (30) is linearized by

1 d—(1—c/r) 26—1 «¢/r
21 = - 31
5[* - —+5 (31)
Using Eq. (11), this leads to the approximation
r 26—1 ce
o 2
r—c 82 + R,&? (32)
Because |u| < 1, this can be approximated by the formula
ro_28+c/Ry—1 2cu
r—c 82 Ry (33)
As in [15], we introduce the variable
w= /u(@)dG (34)
where w(6;) = 0. The approximate expression for J becomes
J = he FO TRz (35)
where
26 Ry—1
K= —i—is% (36)

Because o <« 1, we linearize the right-hand side of Eq. (35). Because
|u| < 1, we also linearize the right-hand side of Eq. (12) as in the
previous example. Because w’ = u, the linearized orbit equation
becomes

1—
w/// + blw/ + bzw = T'B— O{ﬂK(Q— 01) (37)

where b, and 8 are again defined, respectively, by Eqs. (17) and (18)
and

_ 2afc

%_ﬁm

(38)

This is the linearized orbit equation with the atmospheric density
approximated by Eq. (27)

C. More Elegant Local Atmospheric Density Function

Recently, another formula for representation of the atmospheric
density in the vicinity of R, has appeared [16]:

ki k
pr)=""+73 (39)
r r

The constants k; and k, are determined from actual atmospheric
density data near R, by simple curve-fitting methods. The formula
was highly effective in establishing closed-form solutions of the orbit
equation under the assumption of a spherical central body and a low
ratio of radial to tangential speeds.

For the present problem of equatorial orbits about an oblate body
and a low ratio of radial to tangential speeds, the expression for J
becomes

J= hexp{—a[kl(e —-0)+ %/e‘”d@}} (40)
0

where, again, 6, is the initial value of 6.

Because r is in the vicinity of Ry, then |u| < 1, and we can again
approximate the expression e~2* by the expression 1 — 2u, then J
can be approximated by

J:hexp{—a[(kl —l—%)(@—@l)—zR—kzw]} 41)
o o

w = u, w(d,) =0 (42)

and

Substituting Eq. (41) into the transformed orbit Eq. (12), we obtain
” KR k 2k
" =1~ Tzoexp{h + Za[(kl + R%)) “—06,)— R—Ozw

nk ky 2k,
_ IR, exp{—Zu —+ 20{|:(k1 + R—O)(H —-0)— R—Ow:|} (43)

Using the facts that |u| < landa < 1, we linearize this equation,
approximating it by

afk,
w
Ry

where b, is defined in Eq. (17) and B is defined in Eq. (18), and, for
this case,

ky
K=k +— 45
1+ R (45)
We observe that if k, = 0, this equation reduces to Eq. (15).
We therefore assume from this point on that k, # 0.
Using Eqgs. (42) with Eq. (44), we arrive at the following linear
differential equation:

1—
w///+b1w/+b2w=Tﬂ—aﬁK(9_01) (46)

where, in this case,

2aﬁk2

b, =
2 R()

47)

We observe that although the constants b, and K are different, this is
the same differential equation as Eq. (37).

D. Solution of the Linear Differential Equation

Because r is in the vicinity of R, the approximation (22) applies
and the initial conditions are determined from Eqs. (23) and (42);
the initial specific angular momentum is given by Eq. (25).

The homogeneous form of Eq. (46) or Eq. (37) has the associated
characteristic equation:

M4+bA+b,=0 43)

This cubic equation has a real root
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s (49)

where

a = (—108b, + 12,/ 12b + 8152)1/3 (50)

and a complex conjugate pair of roots

Ay=0xiw (61))
where
_a b _ﬁ a 2b,
=rnta ‘”—7(6+7) 52)

It is straightforward to find the complete solution of Eq. (46) in
terms of arbitrary constants ¢y, ¢,, and c5. By differentiating, we also
obtain u and u’. We list these general solutions:

w=ceM®h 4 e’%w’gl)[cz sinw(0 — 6,) + c;cosw(0 — 6,)]

+A+B(@6-6) (53)

A
u=>Arceo0 4 e~ F6-0) |:— (?1 o+ wc;) sinw(8 — 6;)

+ (wcz — %03) cosw(f — 91):| + B (54)

A A2
w =M et @0 4 g=3(6-6) { [(Zl—a)z)cz +k1wc3:|

2

xsinw(0—06,) + [—Alwcz + (%—a)z) c{| cosa)(@—@l)} (55)

where
1-8  «aBb,
A= K 56
2b, + b, (56)
and
B=—apfK (57)

To solve the initial value problem, we set 8 = 6, in these equations
and apply the initial conditions, obtaining

crte=—A (58)
M
)\,c,—{—a)cz—?c}:P (59)
A2
A\ep — hwe, + (Zl — w2)03 =P, (60)
where
1[r(6)) 17(6))
p=- —1|-B P == 1
2[ R, ’ "2 1)
The solution of the linear system (58-60) is straightforward:
_ —(A} +40P)A + 4), P + 4P,
a= 922 + 4 ©2)
_ MU0l = 3DA + (G0’ + IDP-6LP

= w(OX2 + 4e?)

8A2A + 41, P + 4P,
o} + 40?

(64)

C3 =
Having u(6) from Eq. (54), we obtain r(6) and () from Eq. (22),
where 1’ is found from Eq. (55). Finally, from the chain rule, we get
) 2hu' (0)
0 =
o) =— 0)

In calculating P;, we use the fact that r'(6,) = i(@,)/é(@l):
#6,)r*(0,)/h.

(65)

E. Special Cases

We now consider certain simplifications that occur in special
cases.

1. Spherical Planet with Drag

For a spherical body, J, = 0; consequently, kK = Oin the preceding
equations. The result is that

R
b=p=L30 (66)

Equations (53-55) and Egs. (62—65) provide an alternative to the
equations presented in [19] for this problem.

2. Equatorial Orbit About an Oblate Planet Without Drag
If o = 0, Eq. (44) simplifies to

u”—|—b1u=%(l—ﬂ) 67)

The general solution of this differential equation is

1—
u=C,sin/b,(6—0,) + C,cos /b, (0—6,) +7ﬂ (68)

1
Differentiating this expression, then setting 6 = 6,, we solve for the
constants in terms of the initial conditions and get

__r'®) _r(el)_i _
Savbry T r, TR

We obtain r(6) and r'(6) from the expressions (22). The resulting
formula for r(0) is

G

r=2R,[C; sin /b, (8 — 0,) + C,cos /b, (0 — 6,)]

+ 220+ by ) (10)
1

This equation shows that small deviations from a circular orbit are
approximately sinusoidal.

One should observe from Eq. (70) that if the orbit is circular of
radius Ry, then 8 = 1. It follows from Eq. (17) that the radius of the
circular orbit satisfies the equation

h2
R%—ERO—Hc:O (71)

This is identical to the expression derived in [23] for a circular orbit
about an oblate spheroid.

3. Spherical Planet Without Drag
If J, = 0 and o = 0, we can apply Eqgs. (66—70) and obtain

2
r=2Ry[C, sin y/b,(0 — 0,) + C,cos /b, (0 — 6))] +% (72)

It is well known that Ry, = h?/ . for a circular orbit of radius R,,.



HUMI AND CARTER 1291

F. Analytical Solutions for x(6) with Implicit p (r)

In Sec. IIL.A, the one-parameter approximation of the atmospheric
density function led to a second-order linear differential equation that
approximated the flight path. More accurate representations were
presented in Secs. IIL.B and III.C, in which two-parameter approxi-
mations of the density function led to third-order linear differential
equations. In the following, we attempt to obtain another: a two-
parameter approximation of the density function that leads to a
second-order differential equation. As we shall see, we pay for this
novel approach by having to solve a set of two nonlinear equations.

1. Differential Equation
In this approach, we start by making the ansatz:

1 d
p(r) = - (kl +k, LTZ) (73)

where k; and k, are parameters. With this ansatz, the expression (7)
for J becomes
J= he—a[kl (0—6))+kyu) (74)

Again, 6, denotes the initial value of 6 and there is no loss of
generality by setting u(6,) = 0. The differential equation (12) for u
becomes

2u" =1 _ﬁzeZa[kl(H—Gl)Hqu] ROeZM +£e—2u (75)
h Ry

Combining the exponentials on the right-hand side of this equation
and using the fact that o < 1 and |u| < 1, we can approximate this
equation by

R
zwfz1._%?9u-+2ah(9—-a)+ﬁuakz+I)M
wk
g L1 20k (6= 6) + 2(erk; — Dul (76)

Rearranging and simplifying, we arrive at the following second-
order linear differential equation:

u" + (by + afky)u = # —afk (0—06)) a7

where b, and B are the ubiquitous constants first defined in Egs. (17)
and (18). A comparison of this equation with Eq. (16) is inevitable. If
we set

v=(b; + afky)'/? (78)

the form of the general solution is given by Eq. (19) and its derivative
is given by Eq. (21). The arbitrary constants are determined from the
initial conditions by the formulas (24)

2. Solving a Problem

To solve an actual problem, we must pick the parameters k; and k,
so that along the trajectory that results, the function (73) closely
approximates the data points of the actual atmospheric density
function. It appears that the simplest way to accomplish this is to pick
the atmospheric density data points p(r;) and p(r,) so that r, is
reasonably close to r;. It follows from the continuity of the actual
density function and approximation (73) that this approximation
improves in the limit as r, approaches r;. Setting r, < r; and in the
vicinity of r;, we attempt to satisfy the initial condition

r(6) =r, (79)
and the terminal condition
r(6)=r, (30)

evaluating the expression (73) and Eq. (19) at these boundary
conditions. To simplify the notation, we set

¢=v(6,—06) (81)
If we specify r,, then three constants (k, k,, and ¢) must satisty the
three equations

r'(6)
2r

ky + ky = p(r)r (82)

(—Clvsimj) + Cyvcos ¢ — (T)—fkl)kz = p(ry)r, — k; (83)

Olﬂ . rz_Ro ﬁ_l
_7k1¢+cl cos¢+C25m¢;:2—R0+ 7

(84)

where v depends on k,, C; depends on k, through v, and C, depends
on k; and k,. One can solve Eq. (82) for k; and further reduce these to
a system of two equations in k, and ¢.

An alternative problem would be to specify 6, and solve the
system (82-84) for k;, k,, and r,.

3. Important Special Case

An important special case is one in which the initial velocity is
tangential at a radial distance R, [i.e., r(6;) = Ry and r'(6,) = 0]. In
this case, Eq. (82) simplifies to

ki = Rop(Ry) (85)

and the arbitrary constants are specified by Eqs. (26). As a result,
Eqgs. (83) and (84) reduce to the two equations

ﬂsimﬁ_w(] — cos )
2 v
= (;xi) [o(r2) 1 — Rop(Ry)] (86)
V _bl
ﬂ(l — cos ¢) +M(sin¢—¢) :M (87)
2 v 2R,

in the two unknowns ¢ and v. From the solutions of these two
equations, we can calculate k, from Eq. (78).

G. Numerical Model Testing

The four closed-form solutions presented herein have been
compared with numerical integration of Egs. (4) and (5), where J is
given by Eq. (7) and a test model of the atmospheric density is chosen
as

p = pyelFo/H (88)

where p, is the atmospheric density at R,. We want to emphasize that
this formula is commonly used to model local atmospheric density.
The four models presented herein are also applicable to other
representations of atmospheric density, even if presented in tabular
form such as the U. S. Standard Atmosphere published by the
National Oceanic and Atmospheric Administration.

The constants c, k;, and k, found in the four models are calculated
from the atmospheric density data by curve-fitting procedures such
as the method of least squares. We have found that the atmospheric
density is so low for satellite orbits such as those considered in this
paper that only two data points are usually sufficient. If not, one can
recalibrate the constants in the models by using additional pairs of
data points as the orbit decays. This was demonstrated in a previous
study [19] and more details can be found therein.

In the computational studies that were performed (H=
88.667 km), the atmospheric density was normalized (i.e., py = 1)
and the initial radial distance R, was set at 6700 km. In all studies,
J, =0.00108263, 0 = 10711, 6, = 0, and 7' (0) = 0 so that the initial
velocity was tangential at circular speed. The simulations were
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6700 . . . . . . . . .
6999 - 1
6699.8 ]
6699.7 ]
6699.6 . ]

56699.5»
6699.4
6699.31

6699.2

6699.1

6699 1 1 1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800 900 1000
0 (rad)

Fig. 1 Flight paths: numerically exact model and &, /R model.

-15} 1

trajectory difference (meters)
o
(6]
T
L

_5 1 1 1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800 900 1000
0 (rad)

Fig. 2 Difference: numerically exact model and &, /R model.

carried out for nearly 160 revolutions, which is about 10 days. Each
revolution took 90 min. The numerical integration was done using
an adaptive-step implicit fourth-order Runge—Kutta method with
an absolute error tolerance of 1070, The results showed a drop of
900 m due to drag as calculated numerically from the equations
of motion using the test model for p. All of the analytical
solutions were comparable, with the worst cases having a
maximal error of 5 m.

6700 ——— . . . . : : ; ;
66999 | 1
6699.8 | AN 1
6699.7 | |

= 66996 | <

6699.5 |- ~ )

6699.4 | h |

6699.3 |- i

6699.2 - j

66991 1 1 1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800 900 1000

0 (rad)
Fig. 3 Flight paths: numerically exact model and k, /(R — ¢) model.

trajectory difference (meters)

_35 L L L L L L L L L
0 100 200 300 400 500 600 700 800 900 1000

6 (rad)
Fig. 4 Difference: numerically exact model and k, /(R — ¢) model.

Difference in p

2 . . . . . . . . .
6699 6699.1 6699.2 6699.3 6699.4 6699.5 6699.6 6699.7 6699.8 6699.9 6700
km

Fig. 5 Differences in p: exponential atmosphere and k,/R + k,/R*
(solid line) and exponential atmosphere and k,/ (R — c¢) (dashed line).

1. k,/r Model

Figure ] presents acomparison of r(6) as calculated from Eq. (19),
where p(0) = k,/r with a numerical solution of Eqgs. (4) and (5),
where p(6) is calculated from Eq. (88). The plot shows very good
accuracy of the closed-form solution over 1000 rad (nearly 160
revolutions) of the satellite, during which the atmospheric drag causes

6700 T T T T T T T T T

660091 i
6699.8 N ‘ i
6699.7 | N i
6699.6 | h . i
§6699.5 L N 1
6699.4 N <
6699.3 - ™ J
6699.2 | i

6699.1 -

6699 L L L L L L L L L
0 100 200 300 400 0 (503) 600 700 800 900 1000
ray

Fig. 6 Flight paths: numerically exact model and k, /R + k,/R? model.
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trajectory difference (meters)

L L L L L L

. . .

0 100 200 300 400 500 600 700 800 900 1000
0 (rad)

Fig. 7 Difference: numerically exact model and k, /R + k,/R? model.

-0.45

1.08 T T T T T T T T

1.02 - R

o
=
T
L

o

©

©
T
L

Normalized Atmospheric density

097 1 1 1 1 1 1 1 1
6699.1 6699.2 6699.3 6699.4 6699.5 6699.6 6699.7 6699.8 6699.9 6700
r (km)
Fig. 8 Implicit model: normalized atmospheric density as a function of
height.

aloss in altitude of about 900 m. As seen from Fig. 2, the error in the
closed-form solution is about 5 m near the end of 160 revolutions, but
the magnitude of the rate of error is increasing and wider divergence
between the two curves is expected beyond 160 revolutions.

2. ky/(r—c) Model
In this model, the constants k; and ¢ were chosen to fit the curve
defined by Eq. (88) over a drop of altitude of 900 m. The numerical

6700 . . . : : T T : :
6699.9 |- 4
6699.8 |- AN 1
6699.7 - AN ]

6699.6 - N 1

r (km)

6699.5 | g

6699.4 - B

6699.3 - R

6699.2 - R

66991 1 1 1 1 1 1 1 1 1
100 200 300 400 500 600 700 800 900 1000

0 (rad)
Fig. 9 Flight paths: numerically exact model and implicit o model.

2L 4

4t

trajectory difference (meters)
|
w
T
L

5

-6 L L L L L L L L L
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and closed-form solutions for r(6) over a duration of almost 160
revolutions are presented in Fig. 3. The error in the closed-form
solution is depicted in Fig. 4. This figure shows a maximum error of
about 3 m over 1000 rad and is an improvement over the previous
model.

A source of much of the error from this model lies in the selection
of the parameter § introduced in Eq. (30). The subsequent model that
we will present will be seen to be much more accurate in r(6), but
about the same level of accuracy in p(6), as can be seen from Fig. 3.

3. ki/r+ ky/r* Model

This is the most accurate model of the four. The two plots
presented in Fig. 6 are indistinguishable to the eye. The error in this
closed-form solution is only 0.4 m and is not increasing at the end of
1000 rad, as shown in Fig. 7.

4. Implicit p Model

This model was selected for its novelty. It calculates an approxi-
mate atmospheric density model simultaneously with the flight
path. A plot of the calculated density model is presented in Fig. 8.
The curve should be viewed as very-low-amplitude oscillations
about an atmospheric density p(6). A plot of this closed-form
solution with the numerical solution is presented in Fig. 9. An
accuracy of about 5 mis seen from Fig. 10 and is comparable with the
first two models.

IV. Conclusions

We have presented four atmospheric density models that can be
used to approximate local atmospheric density data and that lead to
closed-form solution of the flight path of a satellite near a circular
equatorial orbit. All of the models produced an accuracy within 5 m
over a duration of about 10 days when compared with numerical
integration using test atmospheric data at an initial radial distance of
6700 km and a degradation of altitude of 900 m. The first model,
which is the simplest, was the least accurate. The third model,
however, was found to be the most accurate, having an error of only
0.4 m over a duration of 160 revolutions.

This has been an introductory study. All the simulations were
based on the degradation of an orbit that was initially circular. There
is a need for more simulations over a wider range of conditions. All
the models should provide much better accuracy under more realistic
orbits that are subject to lower levels of atmospheric drag. Higher
levels of atmospheric drag or much longer flight durations can be
approached by reinitialization of the parameters of the closed-form
solutions.
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